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INTRODUCTION
w xIn K2 Kac extended the Weyl]Kac character formula for irreducible
highest weight modules of contragradient Lie algebras of a certain class,
 .namely, those Kac]Moody algebras g A whose Cartan matrix A is
symmetrizable, to the corresponding class of Lie superalgebras. Among the
 .many beautiful results of that paper was formula 3.29 which enables one
to compute the principal specialization of such characters. This specializa-
 .tion corresponds to the principal gradation of g A , i.e., that in which
simple root vectors are given degree 1. Curiously, the formula was given
only for the non-super case. In Section 2 of this paper, we remedy this
omission by giving the appropriate ``super'' version. The principal grada-
 .tion of the Lie superalgebra g A, t assigns degree 1 to odd simple root
vectors and degree 2 to the even ones. We then give the specialized
characters of the fundamental highest weight modules of the rank 1 affine
superalgebras.
w xIn G2 certain irreducible representations of the affine superalgebras
4. . 2. .A 0, 2 l , A 0, 2 l y 1 were given. In Section 4 we write down the
w xcharacters of these representations; the gradation of the algebras in G2 is
 . w xof type 1, 0, . . . , 0 . The constructions given in G2 degenerate in the
2. . w xspecial case A 0, 1 ; this case is worked out in G3 , and the gradation
2. .turns out to be the principal one. In fact, the representation of A 0, 1
w x 1. w xgiven in G3 extends the basic representation of A given in LW .1
Following the lead of that paper, we define filtrations on the vacuum space
of the representation which lead to the same pretty, if elementary, Euler
1. w xidentity produced by A at level 2 LW, Cor. 10.2 .1
w xWe note that much of Sections 1]3 appear in G1 , unpublished.
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1. NOTATION; THE WEYL GROUP
We give notation for what follows. There is nothing really new in this
w xsection: the material can be found for the most part in K2 , in somewhat
different form. The isomorphism of Weyl groups given in Proposition 1 is
important for the character formulas of the next section. I have not been
able to find an explicit statement of it elsewhere, although it is completely
elementary.
 .  4Let A s a be an n = n matrix over C of rank l, t ; 1, . . . , n ai j
 .subset of indices, g s g A, t the corresponding contragredient Lie super-
w x  4algebra K1, Sect. 2.5 . Let h be a Cartan subalgebra of g , a , . . . , a ;1 n
w  k k4h the simple roots, a , . . . , a ; h the simple coroots, Q s SZa the1 n i
root lattice, and
g s g a
agQ
the root space decomposition. Choose generators e g g , f g g asa yai ii i
w xusual K1, Sect. 2.5 again . Recall a root a g Q, a s Sn a is odd ifi i
 .  . n ' 1 mod 2 ; then g ; g . Denote by D resp., D the set ofigt i a 1 1 0
 .non-zero odd resp., even roots, and set D s D j D . Similarly let D1 0 q
 .  .resp. D denote the set of positive resp., negative roots, and sety
D s D l D , i s 0, 1.", i i "
 .  .The pair A, t is a generalized Cartan matrix GCM if
a g Z, a F 0, i / j,i j i j
1, i g ta si i  2, i f t ,
a / 0 m a / 0, for all i , j.i j i j
In view of the second condition we may dispense with ``t '' in the notation
 twhen A is a GCM. Note we have normalized A so that the transpose A
w xis also a GCM. This differs from the normalization in K1 , and causes
 .certain definitions notably the Dynkin diagrams and the Weyl group to
w xappear different from those in the literature. See G2 for the Dynkin
.diagrams of the affine superalgebras in this normalization. We write
k tg A s g A .  .
 .for the dual algebra of g A .
For the remainder of this section we let A be a symmetrizable GCM:
thus
A s DB ,
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 .where D s diag d , . . . , d is non-degenerate and B is symmetric. Set1 n
X k Y X  .h s Ca and choose h complementary to h in h. Denote by , thei
 .consistent, supersymmetric, invariant form on g A which pairs opposite
root spaces and satisfies
k  :a , h s d a , h , h g h , i s 1, . . . , n , .i i i
hX , hY s 0 for hX , hY g hY . 1.1 .  .
 w x. wSee Prop. 2.5.3 of K1 . Let s : h ª h be the isomorphism induced by
 .  . w  .the form , , and denote by , again the induced form on h . From 1.1
we have
s a k s d a , .i i i
a k, a k s d d b , .i j i j i j 1.2 .
a , a s b , .i j i j
i, j s 1, . . . , n. In particular
a , a s b s a dy1 , 1.3 .  .i i i i i i i
i s 1, . . . , n.
 .The Weyl group W s W A is generated by the fundamental reflections
 w.r g GL h given byi
 k:l y l, a a , i f ti ir l s .i k  :l y l, a 2a , i g t .i i
 .  .From 1.2 and 1.3 one finds
2 l, a .i
r l s l y a , 1.4 .  .i ia , a .i i
justifying the name ``reflection.''
k  t .Let r , i s 1, . . . , n, denote the fundamental reflections in W A . Theni
for l g hw, h g h ,
 :  k :r l , h s l, r h . .  .i i
 .  t .Hence W A and W A are contragredient linear groups.
We conclude this section with an isomorphism of Weyl groups which will
have application to the character formulas of the next section.
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X  X X .Let D s diag d , . . . , d , where1 n
1 if a s 2i iXd si  2 if a s 1.i i
Set
A s DXA.0
 .Then A is a symmetrizable GCM whose associated algebra g A is a0 0
 .Lie algebra. As before, let h be a Cartan subalgebra for g A ,0 0
 4  k k4 Yb , . . . , b the simple roots, b , . . . , b the simple coroots. Choose h1 n 1 n 0
complementary to SCb k in h . Let D s DXD, so that A s D B, andi 0 0 0 0
 .  .let , be the form on h determined by D and the conditions 1.1 .0 0 0
Then there exists an isomorphism
f : hw ª hw0
determined uniquely by the conditions
f a s b , .i i
 k: X k:f l , b s d l, a , . i i i
 :f l , h s 0, .
 Y .w Yi s 1, . . . , n, l g h , h g h .0
In fact, one calculates readily that f is an isometry with respect to the
 .  .forms , and , . Let t , i s 1, . . . , n, denote the fundamental reflections0 i
 .  .in W A . Then from 1.4 one has0
PROPOSITION 1.1. The isometry f induces an isomorphism of Weyl groups
W A ª W A .  .0
such that
r ¬ t ,i i
i s 1, . . . , n.
2. CHARACTER FORMULAS
 w x.We state the Weyl]Kac character formula Theorem 1 of K2 . The
appropriate ``super'' analog of the principal gradation of the Kac]Moody
algebras is defined, and two corollaries to the theorem show how to
calculate the corresponding specialized characters. As an application we
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write down the principally specialized characters for the irreducible funda-
2. .mental highest weight modules of the rank 1 affine superalgebras A 0, 1
2. . 1. . 4. .f C 2 , B 0, 1 , and A 0, 2 . One of these formulas will be explored
further in the following section.
w xThe idea underlying Corollary 1.1 was first exploited in LM for the
1. 2.  .affine algebras A and A . The statement here is essentially 3.29 oft 2
w xK2 , although it is given there only in the non-super case. The denomina-
 . w x w xtor identity 2.1 goes back to M in the non-super case, and to K2 in the
super case.
With notation as in Section 1, let V be a highest weight module for
 .g s g A , and define the character of V as usual
ch V s dim V e l , .  . l
wlgh
 .a formal power series in independent variables e l . For the Verma
 .module M L of highest weight L one has by the Poincare]Birckhoff]Witt
 w x.Theorem see Section 1.1.3 of K1 .
mult a 1 q e ya . .a g Dq, 1e yL ch M L s , .  . mult b 1 y e yb . .b g Dq, 0
 w x .where mult g s dim g , g g D. See 2.2 of K2 . By a standard argument,g
 .M L has a unique non-trivial irreducible quotient, which we denote by
 .  .V L . In general, character formulas for V L exist only under more strict
 .hypotheses. Accordingly we assume now that the Cartan matrix A s ai j
is a symmetrizable GCM and that the weight L is dominant integral. For
 .  .w g W A let l w be the length of the shortest expression of w as a
product of the fundamental reflections r . Choose r g hw such thati
 k:r , a s a r2,i i i
i s 1, . . . , n. Set
 .l wN L s y1 e w L q r y L q r , .  .  .  . .A
wgW
mult b mult aD s 1 y e yb 1 q e ya . .  . .  . A
bgD agDq, 0 q, 1
 .  .  . y1THEOREM 2.1. e yL ch V L s N L D .A A
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With L s 0 in Theorem 2.1 we have the ``denominator identity''
 .l wD s N 0 s y1 e wr y r . 2.1 .  .  .  .A A
ugW
 .Given a sequence S s S , . . . , S of non-negative integers, the special-1 n
ization of type S is the homomorphism of power series rings
w xF : C e ya , . . . , e ya ª C q .  .S 1 n
given by
F e ya s q si , . .S i
i s 1, . . . , n.
Consider the Z-gradation of g determined by the conditions
1, i g tdeg e s ydeg f si i  2, i f t .
 .See Sect. 1 . If t is empty, this is essentially the principal gradation of the
Lie algebra g , except that all degrees are multiplied by 2. Abusing
 .notation somewhat, we call this the principal gradation of g. Then V L is
a graded g-module
V L s V , .  j
jG0
where V is the sum of those V , l g hw, such that L y l s Sm a andj l i i
j s  m q 2 m .igt i jft j
 .Set p s p s a , . . . , a . ThenA 11 nn
F e yL ch V L s dim V q j. .  . .  .p j
jG0
We call F the principal specialization. We proceed to give a productp
 .expression for the principally specialized character of V L .
Note that, for any root a ,
F e ya s q2 r k , a : , . .p
k k  t .where r is the element ``r '' for the dual algebra g s g A . Hence
 . kl w 2 r , LqrywLqr .:F N L s y1 q . .  . . p A
 .wgW A
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 .  t .Since W A and W A are contragredient linear groups, the right side
becomes
 . k kl w 2Lqr , r yw r .:y1 q .
t .wgW A
 .l w ks F y1 e w r y r .  . .s  /
t .wgW A
s F Dt . .s A
where
 k:  k:s s 2 L q r , a , . . . , 2 L q r , a . .1 n
We obtain
  .  ..  .  y1 .tCOROLLARY 2.1. F e yL ch V L s F D F D .p s A p A
 . w xThis corollary appears in the non-super case as 3.29 of K2 .
Recall from Section 1.2 the matrix A , obtained from A by multiplying0
the ith row of A by 2 for each i g t . With notation as in Section 1.2, let
F : C e yb , . . . , e yb ª C e ya , . . . , e ya .  .  .  .1 n 1 n
  ..  .be the isomorphism given by F e yb s e ya , i s 1, . . . , n. We re-i i
mark that, in general,
r r y r s ya , .i i
 .where the r are the fundamental reflections in W A . In view of this,i
 .  .together with the denominator identity 2.1 and the isomorphism W A
 .ª W A taking r to t for each i, it is clear that0 i i
F D s D . .A A0
 w x .This equality was essentially remarked by Kac in K2, p. 114 . In
 .particular, for any sequence s s s , . . . , s defining a specialization F ,0 n s
 .one has abusing notation
F D s F D . .  .s A s A0
Accordingly, we rewrite Corollary 2.1:
  .  ..  .  y1 .tCOROLLARY 2.2. F e yL ch V L s F D F D , where p sp s  A. p A AA 0 A 0
 .  k:a , . . . , a and s s 2 L q r, a , i s 1, . . . , n.11 nn i i
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2. .As an example, we let A be the Cartan matrix of type A 0, 1 ,
4. . 1. .  w x 2. . 2. .A 0, 2 , or B 0, 1 . See G2, Sect. 1 . Note A 0, 1 f C 2 and
2. . .appears in the Dynkin diagrams as C 2 . These three exhaust the list of
2 . .affine superalgebras of rank 1. The matrices are A 0, 1 :
1 y1 4. 1 y1 1. 2 y1 .  .  .  .  ., A 0, 2 : , B 0, 1 : . Following Corollary 1.2 wey2 1 y2 2 y2 1
 .write down the principally specialized characters of the modules V L ,i
w  .L g h the fundamental weights for g A , i s 1, 2.i
2 y2 w x w x.  .As in well known see LM or K2 , for A s , the Cartan0 y2 2
matrix of type A1., we have1
D s D u , ¨ s 1 y u jy1¨ j 1 y u j¨ j 1 y u j¨ jy1 . .  .  .  .A A0 0
j)0
2 y1 2. .For A s , the Cartan matrix of type A , we have0 2y4 2
D u , ¨ s 1 y u j¨ 2 j 1 y u jy1¨ 2 jy1 .  .  .A0
= 1 y u j¨ 2 jy1 1 y u2 jy1¨ 4 jy4 1 y u2 jy1¨ 4 j . .  .  .
 .  .In both cases u s e yb , ¨ s e yb , where b , b are the simple roots1 2 1 2
 .of g A . Note if we transpose A in the second case then u, ¨ are0 0
interchanged in D . The resulting charactersA0
x s F e yL ch V L .  . .L p
 .are as follows all products are over j ) 0 :
2. 2 y2 t .  .  .  .  .  .1. A 0, 1 . A s s A , p s 1, 1 , s s 3, 1 or 1, 3 ;0 0y2 2
P 1 y q4 jy3 1 y q4 i 1 y q4 jy1 .  .  .
x s x sL L 2 jy1 2 j 2 jy11 2 P 1 y q 1 y q 1 y q .  .  .
y1 y12 jy1 4 jy2s P 1 y q 1 y q . 2.2 . .  .
4. 2 y2 t y2 y4 .  .  .  .  .  .2. A 0, 2 . A s , A s , p s 1, 2 , s s 3, 2 or0 0y2 2 y1 2
 .1, 4 ;
P 1 y q8 j 1 y q8 jy5 1 y q8 jy3 1 y q16 jy14 1 y q16 jy2 .  .  .  .  .
x sL 3 jy1 3 j 3 jy21 P 1 y q 1 y q 1 y q .  .  .
y1 y18 jy1 8 jy7 4 jy2 8 jy4s P 1 q q 1 q q 1 y q 1 y q ; .  .  .  .
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P 1 y q6 j 2 y q6 jy5 1 y q6 jy1 1 y q12 jy8 1 y q12 jy4 .  .  .  .  .
x sL 3 jy1 3 j 3 jy22 P 1 y q 1 y q 1 y q .  .  .
y16 jy4 6 jq2 6 jy3s P 1 q q 1 q q 1 y q . .  .  .
1. 2 y1 t 2 y2 .  .  .  .  .  .3. B 0, 1 . A s , A s , p s 2, 1 , s s 4, 1 or0 0y4 2 y2 2
 .2, 3 ;
P 1 y q5 jy4 1 y q5 j 1 y q5 jy1 .  .  .
x sl 4 j 4 jy3 4 jy1 8 jy6 8 jy21 P 1 y q 1 y q 1 y q 1 y q 1 y q .  .  .  .  .
y1 y15 jy2 5 jy3s P 1 y q 1 y q .  .
P 1 y q5 jy2 1 y q5 j 1 y q5 jy3 .  .  .
x sL j2 P 1 y q .
y1 y15 jy1 5 jy4s P 1 y q 1 y q . .  .
2. .3. BASIC REPRESENTATION OF A 0, 1
 .We take a closer look at the character formula 2.2 : it is the product of
2. .contributions from the principal Heisenberg subalgebra of A 0, 1 and
the vacuum space of the representation. Following constructions given in
w x  .LW in the Lie context , we define filtrations of the vacuum space which
yield a character in the form of a sum. The identity which results is that of
Euler:
1 q q2 jy1 s q n2r 1 y q2 . . . 1 y q2 n . .  .  . 
jG1 nG0
Although elementary, the identity illustrates the theory nicely. Curiously,
2. . while this identity shows up for A 0, 1 at level 1 i.e., at fundamental
. 1.highest weight , it occurs for A at level 2, precisely, at the weight1
 w xL q L , L fundamental see LW, Cor. 10.2 .1 2 i
We change notation slightly from Section 1. Let g denote now the
 .  .  .finite-dimensional algebra A 0, 1 s sl 1, 2 . Let g s g n be the affineÄ Ä
2. .  .algebra A 0, 1 associated with sl 1, 2 and its Cartan automorphism n
w xG3, Sect. 1 . The algebra g is generated by positive root vectors x , x0 1
and negative root vectors y , y with x , y odd and x , y even. The0 1 0 0 1 1
automorphism n is determined by the conditions
n x s yy , n y s x , .  .0 0 0 0
n x s y , n y s x ; .  .1 1 1 1
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hence n has order 4. Then g , as usual, is the extended loop algebraÄ
g s g n s g m t i [ Cc [ Cd , .Ä Ä  . i
igZ
where g s  g is the decomposition of g into n-eigenspaces, c isi mod 4  i.
w i x icentral, d is the degree operator d, x m t s ix m t , x g g . The i.  i.  i.  i.
gradation of g defined by d in this realization is the principal one Sect.Ä
.2 .
w x w xThe Cartan subalgebra t of g with basis x , y , x , y lies in the0 0 1 1
 .y1 -eigenspace of n , so that
dimt s 2,2.
dimt s 0, i s 0, 1, 3 mod 4 . 3.1 .  . i.
 . X w xThe corresponding principal Heisenberg subalgebra t s t , t of g isÄ Ä Ä Ä
 .  .represented on the symmetric algebra S t . From 3.1 this space hasÄy
character
y24 jy2x S t s 1 y q , 3.2 . .  .Ä . y
j)0
 .  . nwhere in general we write x M s S dim M q for Z-graded vectorn
spaces M.
 .Now let V s V L be one of the two irreducible g-modules of funda-Äi
mental highest weight, whose principally specialized characters we gave in
 .2.2 . From general considerations we know that V has underlying space
 . XS t m W, where the t -vacuum spaceÄ Äy
<W s n g V t ? n s 0 . 4Äq
w xFrom G3 we have that W is an exterior algebra
<W s L Z r g Z, r - 0 , 42 rq1
 .where the indeterminates Z have degree yn. It follows from 3.2 thatn
y22 jy1 4 jy2x V s 1 q q 1 y q .  .  .
j)0
y1 y12 jy1 4 jy2s 1 y q 1 y q . 3.3 . .  .
j)0
 .Note this agrees with the specialized character 2.2 .
 .The action of g on the space S t m W is given roughly as followsÄ Äy
 w x .see G3 for the details . Let F be the set of roots of g; for b g F root
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 .vectors x are chosen and operators Z b , n g 2Z q 1, are defined onb n
 .W. Essentially, the operators Z B generate a Clifford algebra actingn
 . iirreducibly on W. For each b g F and i g Z the element x m t of gÄb  i.
y . q .  .acts on V as the ith coefficient of E yb , z E yb , z m Z b , z ,
" .  .where E b , z and Z b , z are formal Laurent series in an indetermi-
nate z :
Z b , z s Z b z n .  . n
E" b , z s exp " b m t " j z " jrj , .  .  j. /
jG1
j  .and b m t g t is regarded as acting on S t .Ä Ä j. y
We use this information to define two filtrations of W. Define the
Z-filtration of W
0 s Wy1 ; W 0 ; W 1 ; . . .
by
n <W s span Z a . . . Z a ? 1 0 F j F n; a g F for i s 1, . . . , n . .  . 4i 1 i j i1 j
w x   .  . . iFrom the definitions given in G3 see 3.1 ] 3.7 there it is clear W
has basis
<Z . . . Z 0 F j F n; i , . . . , i g 2Z q 1; i - i - ??? - i - 0 . 4i i 1 j 1 2 j1 j
Let ¨ g V be a highest weight vector. Define the tX-filtration of VÄ
0 s V ; V ; V ; . . .y1 0 1
by
< XV s span x , . . . , x ? ¨ j G 0, x g g all i , and at most n of the x f t .Ä Ä 5n 1 j i i i
Finally, set
W s V l W ,n n
the tX-filtration of W.Ä
Now in fact these two filtrations of W coincide this follows from the
w x.equivalence of categories given in Theorem 2 of G2 . Hence
x W s x W nrW ny1 s x W rW . 3.4 .  .  . .  n ny1
nG0
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We compute the right-hand side of this equality. The space W rW hasn ny1
as basis the image of the set
<Z n ??? n Z i g 2Z q 1; i - ??? - i - 0 . 4i i j 1 n1 n
Write
x W rW s p q k . . n ny1 k
kG0
Then p is the number of partitions of k into exactly n distinct oddk
numbers. Let
k s a q ??? qa1 n
 .be such a partition. Put b s a y 2 i y 1 , i s 1, . . . , n. Theni i
b b y b b y b1 2 1 n ny12k y n s b s 2n q 2 n y 1 q ??? q 2, . i 2 2 2
and this may be viewed as a partition of k y n2 into even numbers F 2n.
Hence
x W rW s q n2r 1 y q2 . . . 1 y q2 n . .  .  .n ny1
 .It follows that 3.4 is precisely the Euler identity
1 q q2 jy1 s q n2r 1 y q2 . . . 1 y q2 n . .  .  . 
jG1 nG0
k . .4. A 0, n
We conclude by writing down the characters of the representations
w x  .given in G2 . These generalize formula 2.2 above.
w xIn G2 we gave certain irreducible highest weight representations of the
4. . 2. .affine superalgebras A 0, 2 l , A 0, 2 l y 1 . Borrowing notations from
 .  .Section 3, let g s A 0, n s sl 1, n q 1 , and let t be a Cartan subalgebra
w xof g. The affine superalgebras g were realized in G2 via the CartanÄ
automorphism n . The construction given there breaks down for u s 1;
w x .this case is treated separately in G3 . The resulting gradation of g assigns
1 to the single odd simple root and 0 to the l even simple roots. Hence the
 .characters we compute below correspond to the 1, 0, . . . , 0 -specialization
 .   ..of the general character e yL ch V L given in Theorem 2.1.
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The highest weights of the representations are L in case n s 2 l, andl
 .L , L in case n s 2 l y 1. Here l or l y 1 is the node of the even rootl ly1
 w x.at the end of the Dynkin diagram see G2, p. 203 . These weights
 .correspond to the spin or half-spin representations of the subalgebra
 .isomorphic to B or D of g fixed by the Cartan automorphism.l l
 .As before, the Cartan subalgebra t of g lies in the y1 -eigenspace of
n , so that t is contained in g m t 4 jy2. Also t has dimension n q 1;Ä 2.
hence
 .y nq14 jy2x S t s 1 y q . .  .Ä . y
j)0
w x   ..The representation spaces in G2 are as follows Theorem 3.3 iii : Let
 < 4L be the exterior algebra L Z r g Z, r - 0 in indeterminates Z2 rq1 n
given degree yn. We have a reason for renaming this algebra from Sect.
.3. Write L s L [ L for the decomposition of L into elements of total0 1
even or odd degree. We denote by M and M X representations of a2 l 2 l
  . w x. Xcertain 2-group given by 4.1 of G2 : the dimension of M and M is2 l 2 l
l  .2 , which is all we care about here. Then V L has underlying spacel
S t m L m M , .Äy 2 l
if n s 2 l, and
S t m L m M X [ L m M , . .Äy 0 2 ly2 1 2 ly2
if n s 2 l y 1.
The spaces M are given degree 0. In the case n s 2 l y 1, the vacuum2 l
 .space in parentheses above is just L m M as Z-graded vector space.2 ly2
The resulting character is given in
PROPOSITION 4.1. Let L be the fundamental highest weight of g sÄl
4. .  2. ..  .A 0, 2 l resp., A 0, 2 l y 1 corresponding to the spin resp., half-spin
 .representation of the subalgebra g s B resp., D . Denote by x the0. l l
specialized character F ? ch, where 1 corresponds to the odd simple1, 0, . . . , 0.
root of g. ThenÄ
 .y nq1w n r2x 4 jy2 2 jy1x e yL V L s 2 1 y q 1 y q , .  . .  .  .l l
j)0
n s 2 l or 2 l y 1.
 .Note this agrees with 3.3 in case n s 1.
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